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Abstract This paper deals with warranty and maintenance service contracts for repairable prod-
ucts, which involve three parties – i.e., Manufacturer, Service Agent (SA), and Consumer. Six main-
tenance service contract (MSC) options are proposed and examined, which include an option where
the manufacturer sales a package of a product and maintenance services (known as a product ser-
vice system). The study of MSCs is done from three different perspectives — the Manufacturer, the
SA, and the customer. The goal for the study is to determine the optimal price of each option and to
select best option (for the consumer), which maximize profits which are a common interest of the
three parties involved. The decision problems for the three parties are modeled using a Stackelberg
game theory formulation. As the decision problems are interdependent, then the bi-level optimiza-
tion formulation is used to find best solutions. A genetic algorithm is used to obtain the best solu-
tion (including the best price for each option offered and the best option for the consumer).
Numerical examples examining six cases are presented to illustrate the best solution.

! 2022 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria
University This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/

4.0/).

1. Introduction

Industrial products such machine tools, heavy equipment play
an important role to support the main business processes. In a

mining company, the heavy equipment (e.g. excavators and
dump trucks) are used for loading and hauling mining materi-
als, and the machine tools are the essential part of the produc-
tion process in a manufacturing company. If the equipment
fails while in operation, the business processes will be dis-
rupted, and this will ultimately cause the company to lose
either due to a decrease in the production rate or some delays
in the delivery of production. To decrease the production dis-
ruption due to equipment failures, an effective maintenance is
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needed to ensure that the equipment is always in good condi-
tion and has high availability.

Maintenance actions for keeping the good condition of the
equipment consist of preventive maintenance (PM) and correc-
tive maintenance (CM) actions. If the company has technolog-
ical capabilities and resources, these maintenance actions are
carried out by the company itself (called in-house mainte-
nance). Otherwise, the maintenance actions are outsourced
to an external agent. In addition, many companies prefer to
subcontract maintenance services to the external agent due
to economic reasons – it is more efficient to outsource. In other
words, the company needs to select a maintenance service con-
tract offered by providers (an OEM (original equipment man-
ufacturer) or an agent), which meets its requirement.

Maintenance service contracts (MSCs) have been studied
by many researchers and an excellent review can be found in
Murthy and Jack [1] in which the MSCs are classified into
three categories (i) general, (ii) consumer perspective, and
(iii) industry sector. Many different parties (e.g. providers,
consumers, underwriters, insurers, service agents and regula-
tors, and governments) are involved in the chain of the MSCs,
but the two main parties are providers (sellers of MSCs) and
consumers. The providers offer several MSC options and want
to determine the price for each option, whilst the consumers
(the owner of the equipment) would like to select the best
choice when more options are available.

In Murthy and Jack [1] the decision models for the MSCs
are grouped into two categories based on the mathematical
formulation used to represent the decision problems faced by
the two parties involved — (i) game-theoretic (GT) and (ii)
non-game-theoretic. Two game theory formulations com-
monly used are Nash game theory formulation (Laksana and
Hartman [2], Lian and Wu [3], Iskandar et al. [4], Husniah
et al. [5], and de Santana et al. [6] to name a few) and Stackel-
berg game theory formulation (Rinsaka and Sandoh [7], and
Zhang et al. [8] to name a few).

The GT models can be divided into two categories – namely
(i) a single period GT model and (ii) a multi period GT model.
In (i), the GT model is static in each period (see, Desai and
Padmanabhan [9], Li et al. [10], Kurata and Nam [11], Jiang
and Zhang [12], and Heese [13,14]), whilst in (ii) the GT model
is dynamic (see, Jack and Murthy [15], Lam and Lam [16], and
Hartman and Laksana [17]). Meanwhile, Tarakci et al. [18-20]
formulate the decision problems using the non-game-theory
formulation. In all three of his papers, Tarakci et al. [18-20]
use incentive contract modeling to induce the contractor (con-
sumer) to select the maintenance policy that optimizes the total
profit of the manufacturer and contractor.

Most of the papers that study the decision models for the
MSCs only involve two parties-providers and customers. In
many cases, when an equipment is sold with a warranty, then
maintenance services (PM) under warranty can be done, either
by an OEM (PM is one package of the warranty) or an exter-
nal agent (if a warranty only covers a CM action). In the per-
iod after the warranty expiry, the owner is fully responsible to
maintain the equipment, and both the OEM and the Agent can
be involved to provide maintenance services for the equipment.
If the consumer does not have resources to carry out mainte-
nance in house, then the consumer needs to select maintenance
services offered by the OEM and/or the agent. The works by
Gamchi et al. [21] and Esmaili et al. [22] consider the MSC
decision models involving three parties (an OEM, an agent,
a consumer). However, these two papers deal with the MSCs
for non-repairable equipment. For non-repairable equipment,
the type of maintenance performed is only corrective replace-
ment (or CM) – as the product is non-repairable. In fact, many
durable and industrial products (e.g., cars, machine tools,
heavy equipment) are repairable and hence they require main-
tenance services consisting of PM and CM actions.

This research proposes several MSCs for a repairable pro-
duct (such as a dump truck) involving three parties - namely
the OEM, the service agent (SA), and the consumer (a

Nomenclature

W warranty period
L MSC period
P1;P2;P3;P4;P5 price of the contract offered by OEM cor-

responding to option i; i ¼ 1; 2; 3; 4; 5
P6;P7;P8;P9;P10 price of the contract offered by SA corre-

sponding to option i; i ¼ 1; 2; 3; 4; 5
T random variable representing time to the first fail-

ure
FðtÞ; fðtÞ distribution function, density function of T
RðtÞ; rðtÞ cumulative failure intensity function, failure inten-

sity function
b : Shape parameter of Weibull distribution
rO tð Þ rA tð Þ

! "
: The initial formula of failure intensity func-

tion by OEM[SA]
w : Quality of PM action by the SA
dO dA½ % : Decreasing value of failure intensity function by

OEM[SA]
q : Multiplier for decreasing-value of failure inten-

sity function by SA
E N Ti&1;Tið Þ½ % : Expected failures in Ti&1;Tið Þ

CO
p CA

p

h i
: PM cost by OEM[SA]

CO
0 CA

0

! "
: PM cost (fixed) by OEM[SA]

CO
1 CA

1

! "
: PM cost (variable) by OEM[SA]

CO
r CA

r

! "
: CM cost by the OEM[SA]

D tð Þ : Total downtime in 0; tð %
l : Parameter of Exponential distribution
qM1; qM2; qM3; qM4; qM5 : Expected profit for OEM in op-

tion i; i ¼ 1; 2; 3; 4; 5
qA1; qA2; qA3; qA4; qA5 : Expected profit for SA in option

i; i ¼ 1; 2; 3; 4; 5
PC1;PC2;PC3;PC4;PC5 : Expected profit for Consumer in

option i; i ¼ 1; 2; 3; 4; 5; 6
R; r : Revenue, revenue per time
s'O s'A

! "
: Period to do PM by OEM[SA]

y1; y2; y3; y4; y5 : Decision variable for the selected option
by OEM (binary),yi ¼ 0; 1

z1; z2; z3; z4; z5 : Decision variable for the selected option by
SA (binary),zi ¼ 0; 1
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company requiring the MSC for its product). As a result, this
study extends the work by Esmaili et al. [22] to repairable
products, and it needs to model (i) the effect of PM action
on the product reliability and (ii) the product failure. More-
over, it is considered that a repairable product is sold with
warranty, and the warranty service can be provided by either
the OEM or the SA as in [22]. After the warranty ends, the
consumer can select PM and CM services offered by the
OEM and/or the SA. Hence, during the life cycle of the pro-
duct, the consumer can either select (i) a package of PM and
CM services offered by the OEM, (ii) a package of PM and
CM services provided by the agent, or (iii) a combination of
maintenance services offered by the OEM, and by the agent.
As a result, six maintenance service options will be examined,
and the price of each option need to be determined such that
to maximize profits for the three parties involved. Since there
are four options (called a combination option) which involve
the OEM and the SA in providing the maintenance services,
then the decision problems (to decide the optimal price of
those options) for the OEM, and the SA are considered to
be interdependent.

Furthermore, this research assumes that the OEM (or man-
ufacturer) is more powerful than the SA, as the OEM has some
advantages in the know how for performing maintenance over
the SA. And the agent (or the OEM) is more powerful than the
customer as there are a few competitors in the market. Then,
the decision problems between the OEM (as a leader) and
the agent (as a follower), and then between the agent (as a lea-
der) and the consumer (as a follower) can be modelled using a
Stackelberg game theory formulation. As a result, two Stack-
elberg game formulations are built – i.e., (i) OEM Stackelberg
game (SG) for the relationship between the OEM and the SA,
and (ii) SA Stackelberg game for the relationship between the
SA and the consumer, and these two SGs are interdependent.
To construct optimization problems for (i) and (ii), a bi-level
optimization formulation will be applied as it allows us to inte-
grate the two interdependent decision problems, and this will
be described in detail in Section 4. The decision variables in
the bi-level optimization problems developed contain several
nonlinear functions, and this in turn makes the objective func-
tion and constraints of the bi-level optimization become more
complex. Therefore, it requires a genetic algorithm (GA) for
finding the optimal decisions.

The main contributions resulted from this research are (a)
six new MSC options for a repairable product, which extend
the maintenance service contract (MSC) options studied by
Esmaili, et.al. [22], (b) new decision models involving three
parties (the OEM, the SA, the consumer) using a SG formula-
tion, and (c) a new bi-level optimization formulation for find-
ing the optimal decision of MSC options studied and the best
MSC option for a repairable product.

This paper is organized as follows: Section 2 provides a
problem description and Section 3 presents model formulation
including warranty policy, MSC options proposed, failure
modeling, PM impact modeling, and the expected profits for
each party. In Section 4 describes decision problems, optimiza-
tion problems, and the GA for seeking the optimal decisions.
Section 5 provides numerical examples and discussions of
results including managerial insights. Finally, conclusions
and a brief description of topics for future research are drawn
in the last section.

2. Problem description

A new industrial or durable product such as a car, a dump
truck is sold with a warranty. In a common practice, the man-
ufacturer provides a warranty, but now, a third party (agent)
also involves in providing a warranty - e.g., BMW, Apple,
etc. In this case, the manufacturer offers two options to con-
sumers –i.e., a third-party warranty or a manufacturer war-
ranty (Huang, et al. [33]). In general, warranty only covers a
CM (i.e., fixing all failures under warranty with no cost to
the consumer) or a PM is excluded in the warranty. Hence,
the consumer may outsource the PM to a service agent (SA)
or perform it in house. In some cases, the manufacturer offers
a PM in one bundle with warranty, or all maintenance (PM
and CM) services are done by the manufacturer (or OEM).
After the warranty ends, a maintenance responsibility shifts
to the consumer. There are two alternatives available for the
consumer to maintain the equipment – it is conducted (i) in-
house maintenance or (ii) out-sourced to a service agent. In
the situation where a company does not have human resources
and technology (because it requires a high investment of main-
tenance facilities) to carry out maintenance, then it is more
economical to outsource. Then, the consumer will buy mainte-
nance service to an OEM or a service agent under a mainte-
nance service contract (MSC). For the case where the
maintenance services are provided by the OEM, this extends
the scope of the OEM’s business to include maintenance ser-
vices not only in the warranty period but also beyond it. As
a result, the manufacturer no longer sales only a product but
also includes product services (e.g., maintenance and spare
part services) required to support the product. In other words,
the manufacturer sales a package of a product and mainte-
nance services to consumers (this package is known in litera-
ture as a product service system) (Baines, et al. [34]).

This paper proposes six maintenance service options which
involve three parties -i.e., the OEM, the SA and the consumer.
Two MSC options are a comprehensive coverage of mainte-
nance service (a package of PM and CM service), and four
options are a partial maintenance (only PM or CM) or it needs
to combine options offered by the OEM and the SA. The study
of MSCs will be done from three different perspectives — the
OEM, the SA, and the customer. The OEM and the SA needs
to decide on the price of each option offered, and the customer
needs to select between different options and decide on the best
option for its equipment. The goal for the study is to determine
the optimal price of each option (for the OEM and/or the
agent) and to select best option (for the consumer), which max-
imize profits which are a common interest of the three parties
involved. For the case where the OEM or the agent provides a
partial maintenance service over the life cycle of the product,
there is some interaction between decision problems of the
three parties. Hence, it requires a three stage Game Theory for-
mulation to model an interaction between the manufacturer,
agent and customer decisions (this will be discussed in
Section 4).

3. Model formulation

This section will present notations, warranty policy, MSC for-
mulation, MSC options considering warranty, failure model-
ing, and PM impact modeling. After that, the expected
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profits will be obtained for the three parties involved (the
OEM, service agent, and consumer).

3.1. Notations

The following notations will be used to formulate mathemati-
cal models needed to study the proposed maintenance service
contract:

3.2. Warranty policy

Consider a new durable product (e.g., cars, dump trucks)
which is sold with warranty. The warranty period is W(in
years) – e.g., W ¼ 2 years. The product warranty can be either
provided by the manufacturer or by a third party (agent) - e.g.,
BMW, Apple, etc. Here, the manufacturer offers two warranty
options to consumers –i.e., a third-party warranty or a manu-
facturer warranty (Huang, et al. [33]). In general, warranty
only covers a CM (i.e., fixing all failures under warranty) or
a PM is not included in the warranty. It is considered that
all product failures under warranty are repaired at no cost to
the consumer (Free Repair Warranty).

3.3. Maintenance service contract (MSC)

After the warranty expires, the maintenance responsibility
shifts to the consumer. To fulfill the maintenance responsibil-
ity, the consumer will subcontract maintenance services (PM
and/or CM) to the OEM or a service agent under a mainte-
nance service contract (MSC). Hence, there are three parties
involved (i.e. manufacturer (or OEM), SA, and consumer) in
providing warranty as well as and maintenance services over
a lifetime of a product.

Let L be the MSC period. The period is divided into two
periods i.e.,– (i) ð0;WÞ and (ii)ðW;LÞ. This research considers
that the OEM or the SA can provide a comprehensive cover-
age of maintenance (PM and CM) or a partial maintenance
(only PM or CM) inð0;WÞ, andðW;LÞ. As a result, each party
(OEM or SA) can offer five options described as follows:

3.4. The OEM options

Option M1: The OEM provides PM and CM during ð0;LÞ in
one bundle at priceP1.

Option M2: The OEM provides PM during ð0;LÞ and CM
only during ð0;WÞ at priceP2.

Option M3: The OEM provides PM and CM during ð0;WÞ
in one bundle at priceP3.

Option M4: The OEM provides PM only during ð0;WÞ at
priceP4.

Option M5: The OEM provides CM only during ðW;LÞ at
priceP5.

3.5. The SA options

Option A1: The SA performs CM only during ðW;LÞ at
priceP6.

Option A2: The SA performs PM and CM during ðW;LÞ at
priceP7.

Option A3: The SA performs PM during ðW;LÞ and CM
during ð0;LÞ at priceP8.

Option A4: The SA performs PM and CM during ð0;LÞ in
one bundle at priceP9.

Option A5: The SA performs PM during ð0;LÞ and CM
only during ð0;WÞ at priceP10.

From the customer’s viewpoint, six MSC options are avail-
able to be chosen, where four options are combination options
offered by the OEM, and the SA (i.e., Options 2, 3, 4 and 6)
and two MSC options are a pure MSC option which is a pack-
age of PM and CM service offered by the OEM (i.e., Option 1)
or the SA (i.e., Option 1) (See Table 1).

The descriptions of the six options are as follows:
Option 1: The OEM offers PM and CM in ð0;LÞ in one

bundle at priceP1.
Option 2: The OEM offers PM in ð0;LÞ and CM in ð0;WÞ

at priceP2, whilst the SA also offers CM only during ðW;LÞ at
priceP6.

Option 3: The OEM offers PM and CM in ð0;WÞ at
priceP3, whilst the SA offers PM and CM in ðW;LÞ at priceP7.

Option 4: The OEM offers PM in ð0;WÞ at price P4 whilst
the SA offers PM.

inðW;LÞ, and CM in ð0;LÞ at priceP8.
Option 5: The SA offers PM and CM in ð0;LÞ at priceP9.
Option 6: The OEM offers CM in ðW;LÞ at priceP5, whilst

the SA offers PM in ð0;LÞ and CM in ð0;WÞ at priceP10.

3.6. Failure modeling

The product considered is an industrial or durable product
such as a car, a machine tool, a dump truck. One can model
the failure of the product using a black-box approach (observe
only functioning or failed state). Suppose that T is a random
variable representing time to the first failure, the distribution
function of T are FðtÞ and fðtÞ; and the failure rate and cumu-
lative functions associated with FðtÞ are r tð Þ ¼ f tð Þ= 1& F tð Þð Þ
andR tð Þ ¼

R t

0 r xð Þdx.
The process of the subsequence failures is influenced by the

PM conducted and a type of repair used to restore a failed pro-
duct, and these will be described in the next section.

3.7. PM impact modeling

A PM is performed periodically at the time Ti; i ¼ 1; 2; :::; k
where Tk ¼ L: Hence, the total number of PM is k times in
ð0;LÞ : It is assumed that PM is an imperfect, and any failure
occurring between PMs will be fixed with minimal repair (Bar-
low and Hunter [23]). The effect of an imperfect PM action to
improve the reliability of the equipment is described as follows.
There are two approaches to modeling the effect of a PM – i.e.,
through a reduction in (a) virtual age or (b) failure intensity
function (Jiang and Murthy [24]). Here, each imperfect PM
results in a reduction of failure intensity function.

It is considered that a PM performed by the OEM and SA
has different quality, and this needs to model the effect of a
PM for each party. Let rO tð Þ be the failure rate function of
the equipment in ð0;T1Þ if PM and CM are carried out by
the OEM, whererO tð Þ ¼ rðtÞ; 0 < t < T1. After the ith PM,
the failure rate function becomesrOi tð Þ ¼ rO tð Þ & idO,
where0 6 dO 6 rOi Tið Þ & rOi&1 Ti&1ð Þ.
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Furthermore, it is assumed that a PM action carried out by
the SA is less effective than that done by the OEM. The effect
of a PM done by the SA is modeled as follows. After a PM is
done atT1, the failure rate function is given
byrA tð Þ ¼ wro tð Þ;w P 1; t > T1, which increases much faster
thanrO tð Þ. The parameter w represents the quality of PM
action where w > 1 means that the PM action is not better
than a PM done by the OEM (w ¼ 1) (see Fig. 1). Hence,
the failure rate function after the ith PM
becomesrAi tð Þ ¼ rA tð Þ & idA, where dA ¼ qdO; 0 < q 6 1 (means
that the decreasing value of failure rate function is not as better
as the PM done by the OEM). If dO ¼ dA orq ¼ 1, then both
the OEM and SA have the same reduction in the failure rate
level. Visualization of modeling the PM actions of OEM and
SA can be seen in Fig. 1 (a) and (b).

The expected failures during Ti&1;Ti½ Þ are given by:

E N Ti&1;Tið Þ½ % ¼
Z Ti

Ti&1

ri&1 xð Þdx

¼ R Tið Þ & R Ti&1ð Þ½ % & Ti & Ti&1ð Þid ð1Þ

3.8. Expected profit

The expected profit over the contract interval for three parties
involves (i.e., OEM, SA, and consumer) are obtained as
follows.

3.9. Expected profit

The expected profit = the total income earned – the total cost
(consisting PM cost, CM cost, and penalty cost). First, these
three costs are derived, and then the total income. The PM
cost, CM cost, and the expected cost of the penalty will be for-
mulated in advance from Iskandar and Husniah [25].

PM Cost: the expected PM costs for OEM and SA are for-
mulated as follows.

The expected PM costs for OEM: CO
p dOð Þ ¼ CO

0 þ CO
1 d0

The expected PM costs for SA: CA
p dAð Þ ¼ CA

0 þ CA
1 dA

Where CO
0 CA

0

! "
and CO

1 CA
1

! "
are a fixed cost and a variable

cost if a PM done by the OEM[the Agent], respectively.
Then, the expected total cost of PM if all PMs done by the

OEM during ð0;LÞ is given by

Table 1 Possible combination of the OEM, and the SA options forming six options to be chosen by the consumer.

Consumer’s option choices (Ci) Option offers by OEM

(Mi)

Option offers by SA

(Ai)

(0, W) (W, L)

PM CM PM CM

1 1 – M M M M
2 2 1 M M M A
3 3 2 M M A A
4 4 3 M A A A
5 – 4 A A A A
6 5 5 A A A M

Fig. 1 Imperfect PM with reductions in failure rate function. Every time (a) OEM or (b) SA conducts PM, the failure rate function drops
by dO anddA, respectively. This figure refers to reduction in intensity function by Jiang and Murthy [24].
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E NPM½ % ¼
Xk

i¼1

CO
p dOð Þ ¼ kCO

0 þ kCO
1 dOð Þ ð2Þ

The expected total cost of PM if all PMs done by the agent

is given in (2) replacing CO
p dOð Þ withCA

p dAð Þ. The total PM

actions during ð0;LÞ isk ¼ mþ n, i.e. m PM during ð0;WÞ
and n PM duringðW;LÞ. Thus, for PMs done during ð0;WÞ
replace k in (2) by m: Whereas, the i in ð2Þ starts from mþ 1
duringðW;LÞ.

CM cost: Suppose that CO
r CA

r

! "
is the repair cost done by

OEM[SA] for each CM. Then, the expected total cost of CM
if all CMs done by the OEM during ð0;LÞ is given by.

E NCM½ % ¼ CO
r

Xk

i¼1

Z Ti

Ti&1

rOi&1 tð Þdt

 !

¼ CO
r R Lð Þ þ dO

Xk

i¼1

Ti & kL

 ! !
ð3Þ

The expected total cost of CM if all CMs done by the agent

is given in (3) replacing CO
r ; r

O
i&1; and dO withCA

r ; r
A
i&1; and dA.

For CMs done during ð0;WÞ replace k in (3) by m:Meanwhile,
the i starts from mþ 1 duringðW;LÞ.

Downtime formulation: Suppose D(t) as downtime with

D tð Þ ¼
PN tð Þ

i¼1 Xi: Random variable Xi states downtime caused
by ith failure and N(t) states expected failures along (0, t).
Assume that Xi i.i.d is with certain distribution function
Fd(t). In this paper, downtime is assumed by Exponential dis-
tribution with parameter1=l:.

E D tð Þ½ % ¼ E
Xi¼1

N tð Þ
Xi

" #
¼
Xi¼1

N tð Þ
E Xi½ % ¼ N tð Þ ) lð Þ

¼
Xi¼1

N tð Þ

Zt;i&1

t;i

ri&1 xð Þdx ) lð Þ ð4Þ

This expected total downtime needs to be adjusted accord-
ing to the failure rate function associated with the option
under consideration (i.e., whether OEM and/or SA involves
in providing the MSC option).

For each of the six options proposed, it needs to obtain the
expected profit for the OEM, and the SA.

Option 1: [The OEM offers PM and CM during ð0;LÞ in
one bundle with warranty at price P1].

In this option, maintenance during and after warranty is
done by having a contract with the OEM (PM and CM) for
P1: By using the formulation above, the expected profit formu-
lation of each party is as follows:

3.10. Expected profit for OEM

The expected profit for OEM = warranty price (P1) – [PM

cost (CO
p dOð Þ) * total number of PM actions] – [CM cost

(CO
r ) * the expected of total failures in (0, L)].

qM1 P1ð Þ ¼ P1 & E NPM½ % & E NCM½ %; ð5Þ

where, E NPM½ %; and E NCM½ % is given in (2) and (3).
Expected profit for SA: not available as the SA does not

involve to provide maintenance services inð0;LÞ.

3.11. Expected profit for consumer

From a consumer’s perspective, the expected profit is
derived from the difference in total income (R) obtained
by consumers during the contract period with the mainte-
nance contract price chosen by the consumer from the
OEM and/or SA. The total income of consumers is obtained
from the results of maintenance contracts. For example, in
coal companies, revenue is generated from loading and haul-
ing activities. The consumer will increase his income r (per
time).

The expected profit for consumers is:
Expected profit for consumers = (revenue (R) –– MSC

price offered by the OEM (P1).

PC1 ¼ R& P1;R ¼ rð Þ L& E D tð Þ½ %ð Þ ð6Þ

where r is the revenue earned from the operating the equip-
ment and E D tð Þ½ % is given in (4).

Option 2: [The OEM offers (i) PM in ð0;LÞ and (ii) CM
inð0;WÞ, whilst the SA offers CM only in ðW;LÞ].

In this option, the OEM offers PM in one package with
warranty at priceP2, which also covers CM during the war-
ranty. The SA also offers CM after warranty. Hence, the
OEM’s expected profit is:

3.12. Expected profit for OEM

Expected profit for OEM = PM one bundle with warranty

(P2) - (PM cost (CO
p dOð Þ) * total number of PM actions) -

(CM cost (CO
r ) * the expected number of failures in (0, W).

qM2 P2ð Þ ¼ P2 & E NPM½ % & CO
r

Xm

i¼1

Z Ti

Ti&1

rOi&1 tð Þdt
 !

; ð7Þ

where, E NPM½ % is given in (2) and the CM cost formula is
given in (3) replacing k bym:.

Expected profit for SA: The SA carries out CM inðW;LÞ.
Expected profit for SA = Price of CM in ðW;LÞ (P6) -

(CM cost (CA
r ) * the expected number of failures in (W,

L).

qA1 P6ð Þ ¼ P6 & CA
r

Xk

i¼mþ1

Z Ti

Ti&1

rOi&1 tð Þdt

 !

ð8Þ

Note: the failure rate function after the expiry of warranty
follows the one of OEM, because all the PM actions are car-
ried out by the OEM. The CM cost formula is given in (3) with
thei starts from mþ 1.

3.13. Expected profit for Consumer

Expected profit for consumer = (revenue (R) –– MSC price of
OEM (P2) – MSC price of agent (P6).

PC2 ¼ R& P2 & P6 ð9Þ

Option 3: [The OEM offers PM in one bundle with war-
ranty in ð0;WÞ at priceP3, whilst the SA offers PM and CM
in ðW;LÞ at price P7].
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3.14. Expected profit for OEM

Expected profit for OEM = MSC price (P3) - (PM cost

(CO
p dOð Þ) * total number of PM actions) - (cost CM

(CO
r ) * the expected number of failures in (0, W):

qM3 P3ð Þ ¼ P3 &
Xm

i¼1

CO
p dOð Þ & CO

r

Xm

i¼1

Z Ti

Ti&1

rOi&1 tð Þdt

 !

; ð10Þ

where, the PM and CM cost formula is given in (2) and (3)
replacing k withm:.

3.15. Expected profit for SA

Expected profit for SA = MSC price (P7) - (PM cost

(CA
p dAð Þ) * total number of PM actions) - (CM cost

(CA
r ) * the expected number of failures in (W, L).

qA2 P7ð Þ ¼ P7 &
Xk

i¼mþ1

CA
p dAð Þ

& CA
r

Xk

i¼mþ1

Z Ti

Ti&1

rAi&1 tð Þdt

 !

; ð11Þ

where, the PM and CM cost formula is given in (2) and (3)
with thei starts from mþ 1.

3.16. Expected profit for Consumer

Thus, the expected profit for consumers is:
Expected profit for consumer = (revenue (R) –– OEM’s

MSC price (P3) – Agent’s MSC price (P7).

PC3 ¼ R& P3 & P7 ð12Þ

Option 4: [The OEM offers PM only during ð0;WÞ at
priceP4, whilst the SA offers PM in ðW;LÞ and CM in ð0;LÞ
at price P8].

3.17. Expected profit for OEM

Expected profit for OEM = MSC price (P4)- (PM cost

(CO
p dOð Þ) * total number of PM actions).

qM4 P4ð Þ ¼ P4 &
Xm

i¼1

CO
p dOð Þ; ð13Þ

where, the PM cost formula is given in (2) replacing k
withm:.

3.18. Expected profit for SA

Expected profit for SA = MSC price (P8) - (cost PM

(CA
p dAð Þ) * total number of PM actions) - (CM cost

(CA
r ) * the expected number of failures in (0, L).

qA3 P8ð Þ ¼ P8 &
Xk

i¼mþ1

CA
p dAð Þ & E NCM½ %; ð14Þ

where, the PM cost formula is given in (2) with the
i starts from mþ 1 and E NCM½ % is given in (3).

3.19. Expected profit for consumer

Thus, the expected profit for consumers is:
Expected profit for consumer = (revenue (R) –– OEM’s

MSC price (P4) – Agent’s MSC price (P8).

PC4 ¼ R& P4 & P8 ð15Þ

Option 5: [The SA offers PM and CM in ð0;LÞ at price P9].
In this option, maintenance during and after warranty is

done by having a contract with the Agent (PM and CM)
forP9:.

Expected profit for OEM: not available as no maintenance
services from the OEM inð0;LÞ.

3.20. Expected profit for SA

Expected profit for SA = warranty price (P9) - (PM cost

(CA
p dAð Þ) * total number of PM actions) - (CM cost

(CA
r ) * the expected number of failures in (0, L).

qA4 P9ð Þ ¼ P9 & E NPM½ % & E NCM½ %; ð16Þ

where, E NPM½ %; and E NCM½ % is given in (2) and (3).

3.21. Expected profit for consumer

Thus, the expected profit for consumers is:
Expected profit for consumer = (revenue (R) –– Agent’s

MSC price (P9).

PC5 ¼ R& P9 ð17Þ

Option 6: [The OEM offers CM only during ðW;LÞ at
priceP5, whilst the SA offers PM in ð0;LÞ and CM in ð0;WÞ
at price P10].

3.22. Expected profit for OEM

Expected profit for OEM = warranty price (P5) - (CM cost

(CO
r ) * the expected number of failures in.
(W, L).

qM5 P5ð Þ ¼ P5 & CO
r

Xk

i¼mþ1

Z Ti

Ti&1

rAi&1 tð Þdt

 !

ð18Þ

Note: the failure rate function after the expiry of warranty
follows the one of SA, because all the PM actions are carried
out by the SA. The CM cost formula is given in (3) with
thei starts from mþ 1.

3.23. Expected profit for SA

Expected profit for SA = A package of PM and CM at price

(P10) - (PM cost (CA
p dAð Þ) * total number of PM actions) -

(CM cost (CA
r ) * the expected number of failures inð0;WÞ.

qA5 P10ð Þ ¼ P10 & E NPM½ % & CA
r

Xm

i¼1

Z Ti

Ti&1

rAi&1 tð Þdt
 !

; ð19Þ

where, E NPM½ % is given in (2) and the CM cost formula is
given in (3) replacingk by m:.
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3.24. Expected profit for consumer

The expected profit for consumers is as follows.
Expected profit = (revenue (R) –– OEM’s MSC price (P10)

– Agent’s MSC price (P5).

PC6 ¼ R& P10 & P5 ð20Þ

4. Optimal decisions

As described in Section 3.3, six MSC options are proposed, of
which four options (Options 2, 3, 4, and 6) involve three par-
ties, and two options (Options 1 and 5) two parties. Thus, there
are two decision problems – (a) the three-partite decision prob-
lem related to options 2, 3, 4, and 6 and (b) the two-partite
decision problem related to options 1 and 5. These decision
problems will be described as follows.

4.1. Three-partite decision problem

The decision problem situation under consideration is
described as follows. The OEM has a dominant position
than the SA, as the OEM has some advantages in the know
how for performing maintenance over the SA, and in turn
the SA (or the OEM) is more powerful than the customer
as there are a few competitors of maintenance services in
the market (Allain [35]). An example for this situation is
that a mining company in a remote area operates dump
trucks for hauling mining materials and the maintenance
for the trucks is outsourced to the OEM. In providing the
maintenance service for the trucks, the OEM then an exter-
nal agent (e.g., a local company) can be involved and this in
general will save cost of the service delivery. Hence, one can
model the interaction between the OEM (as a leader) and
the SA (as a follower), and then between the SA (as a lea-
der) and the consumer (as a follower) using Stackelberg
game theory formulation (see Basar and Olsder [44]). Stack-
elberg game (SG) is a non-cooperative game in which the
leader company decides first and then the follower company
reacts to the leader’s decision. This SG is appropriate to
model decision problems in which the two parties decide
the optimal prices in a leader–follower relationship.

As a result, we have (i) OEM Stackelberg game (for the
OEM and the SA relationship) and (ii) SA Stackelberg game
(for the SA and the consumer relationship), and (i) and (ii)
form a three-stage Stackelberg game (see Fig. 2).

As the decisions in (i) and (ii) are interdependent, then it
cannot be solved separately. Hence, we use a bi-level optimiza-
tion formulation to model the interaction between the opti-
mization problems in (i) and (ii), in which the lower-level
problem (SA Stackelberg game) is nested in the upper-level
problem (OEM Stackelberg game) (Bard [41]; Dempe and
Dutta [42]). This will be discussed in detail in Section 4.1.3.

Before proceeding with modeling decision problems for the
three parties, it needs to find the optimal PM policy performed
by the OEM or SA as the resulting optimal PM solutions will
be used as inputs to the bi-level optimization problem.

4.1.1. Optimal PM policy

In the six MSC options studied, several of which include a PM
service done by OEM or SA. Hence, it needs to find the opti-
mal PM policy offered by each party. As mentioned in Subsec-
tion 3.5 that a PM is done periodically at Ti; i ¼ 1; 2; :::; k
where Tk ¼ L: It is assumed that the interval between PMs is
constant given by s; thenTi & Ti&1 ¼ s; i ¼ 1; 2; :::; k. Each
PM is considered to reduce the failure rate function byd.
Hence, the PM policy can be characterized by two parame-
tersðs; dÞ. These two parameters become ðs ¼ sO; d ¼ dOÞ when
the PM is conducted by the OEM, and ðs ¼ sA; d ¼ dAÞ when
the PM is done by the SA.

4.1.1.1. Oem’s Optimal PM policy. The optimal ðs'O; d
'
OÞ is

determined to minimize the expected total cost (i.e., PM and
CM Costs) given by.

TCOðTi ¼ sO; dOÞ ¼ CO
p kð Þ þ CO

r R Lð Þ þ dO
Xk

i¼0

Ti & kL

 ! !

4.1.1.2. SA’s optimal PM policy. The PM policy is character-
ized by two parameter – i.e.,ðsA; dAÞ, The optimal ðs'A; d

'
AÞ is

determined to minimize the expected total cost (i.e., PM and
CM Costs) given by.

TCAðTi ¼ sA; dAÞ ¼ CA
p kð Þ þ CA

r RA Lð Þ þ dA
Xk

i¼0

Ti & kL

 ! !

4.1.2. Optimization

This research uses a bi-level optimization function in which an
optimization function (called the upper-level problem) con-
tains another optimization function (called the lower-level
problem) as a constraint (Sinha et al. [43]). In this study, the
upper-level optimization function is OEM Stackelberg game
representing the interaction between OEM and the SA, and
the lower-level optimization is SA Stackelberg game represent-
ing the interaction between SA and the consumer, as in Gam-
chi et al. [21] and Esmaili et al. [22]. The bi-level optimization
function is described as follows.

Fig. 2 Three-stage Stackelberg Game Theory Formulation.
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Upper-level problem: OEM-Stackelberg model –.

maxqM P2;P3;P4;P5ð Þ ¼ y1 P2 & E NPM½ % & CO
r

Xm

i¼1

Z Ti

Ti&1

rOi&1 tð Þdt

 !( )

þ y2 P3 &
Xm

i¼1

CO
p dOð Þ & CO

r

Xm

i¼1

Z Ti

Ti&1

rOi&1 tð Þdt

 !( )

þ y3 P4 &
Xm

i¼1

CO
p dOð Þ

( )

þ y4 P5 & CO
r

Xk

i¼mþ1

Z Ti

Ti&1

rAi&1 tð Þdt

 !( )

ð21Þ

s.t.

P'
6 ¼ y1 R& P2 &PC2ð Þ ð22Þ

P'
7 ¼ y2 R& P3 &PC3ð Þ ð23Þ

P'
8 ¼ y3 R& P4 &PC4ð Þ ð24Þ

P'
10 ¼ y4 R& P5 &PC5ð Þ ð25Þ

y1 þ y2 þ y3 þ y4 ¼ 1 ð26Þ

Lower-level problem: SA-Stackelberg model.

maxqA P6;P7;P8;P10ð Þ ¼ z1 P6 & CA
r

Xk

i¼mþ1

Z Ti

Ti&1

rOi&1 tð Þdt

 !( )

þ z2 P7 &
Xk

i¼mþ1

CA
p dAð Þ & CA

r

Xk

i¼mþ1

Z Ti

Ti&1

rAi&1 tð Þdt

 !( )

ð27Þ

þz3 P8 &
Xk

i¼mþ1

CA
p dAð Þ & E NCM½ %

( )

þ z4 P10 & E NPM½ % & CA
r

Xm

i¼1

Z Ti

Ti&1

rAi&1 tð Þdt

 !( )

s.t.

P'
2 ¼ z1 R& P6 &PC2ð Þ ð28Þ

P'
3 ¼ z2 R& P7 &PC3ð Þ ð29Þ

P'
4 ¼ z3 R& P8 &PC4ð Þ ð30Þ

P'
5 ¼ z4 R& P10 &PC5ð Þ ð31Þ

z1 þ z2 þ z3 þ z4 ¼ 1 ð32Þ

4.1.3. Solution procedure

As the objective function and the constraints involve complex
and nonlinear functions in both optimization levels, then it
needs to solve the bi-level optimization problems using evolu-
tionary algorithms –e. g. genetic algorithm, simulated anneal-
ing, etc. (See Konak, et al. [26] and Sinha, et al. [27]). Note that
the optimization problems in Esmaili et al. [22] consist of
mixed-integer linear functions and hence it can be solved using
the backward induction method to gain the solution. More-
over, an approach proposed by Sinha, et al. [27] which allows
us to reduce the bi-level problem to a single-level problem
using Karush-Kuhn Tucker (KKT) condition. Using this
approach, the equation on the lower-level problem of the pro-

posed model becomes the Lagrange equation of the KKT con-
ditions given by:

Lower-level problem: SA-Stackelberg Game.

L P6;P7;P8;P10; l; kð Þ ¼ z1 P6 & CA
r

Xk

i¼mþ1

Z Ti

Ti&1

rOi&1 tð Þdt

 !( )

þ z2 P7 &
Xk

i¼mþ1

CA
p dAð Þ & CA

r

Xk

i¼mþ1

Z Ti

Ti&1

rAi&1 tð Þdt
 !( )

ð33Þ

þz3 P8 &
Xk

i¼mþ1

CA
p dAð Þ & E NCM½ %

( )

þ z4 P10 & E NPM½ % & CA
r

Xm

i¼1

Z Ti

Ti&1

rAi&1 tð Þdt
 !( )

þ lT z1 þ z2 þ z3 þ z4 & 1ð Þ
þ
kT P2 & z1 R& P6 &PC2ð Þ þ P3 & z2 R& P7 &PC3ð Þð
þ P4 & z3 R& P8 &PC4ð Þ þ P5 & z4 R& P10 &PC5ð Þ

rPL P6;P7;P8;P10; l; kð Þ ¼ 0

Equality constraints.

rlL P6;P7;P8;P10; l; kð Þ ¼ 0 ð34Þ

Inequality constraints (complementary slackness
condition).

kj P 0 for j ¼ 1; :::; 4; kjzjPj ¼ 0

Then, to construct a single-level optimization, the condi-
tions of KKT above will be considered as additional con-
straints for the objective function of the manufacturer in
the upper-level problem. After being transformed into a
single-level optimization, a genetic algorithm (GA) will be
used to carry out the search process for the best solution.
GA is chosen as a method for finding solutions to bilevel
problems that are categorized as an NP-hard (see Ben-
Ayed and Blair [36]), where the objective function consid-
ered is non-linear and contains 0–1 variables as in Shuang
et al [37]. In addition, GA provides better global solution
search capabilities than other traditional methods (see Hejazi
et al. [38], and Calvete et al. [39]). With GA, an optimiza-
tion method and search technique are based on genetic
and evolutionary principles [32]. Initially, a population con-
sisting of individuals is generated which is a set of decision
variables to be optimized, then the initial fitness value is cal-
culated. After that, evolutionary rules consisting of mating,
crossover, and mutation are applied to the appropriate indi-
viduals, to create a new set of individuals that provide better
fitness values. GA allows a population of many individuals
to develop under defined selection rules towards a state that
maximizes the ‘‘fitness” function. In short, a GA attempts to
‘‘evolve” to an optimal solution [40]. In this paper, the pro-
posed GA procedures involve five steps given in Fig. 3, and
the five-step GA is described as follows.

Step 0 (Initialization)
The population size chosen is 50 as suggested in De Jongs

[28], Grefenstette [29], and Eshelman et al. [30]. Each decision
variable will be represented by binary encodings with a length
of 30 bits (Goldberg et al. [31]). As the decision variable in the
lower-level model becomes a constraint for the upper-level
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model, then additional decision variables are needed –i.e., l
andk. So, the total number of variables is 16. Hence, each indi-
vidual (chromosome) is represented by a 480 (30 * 16) long bit
string.

Step 1 (Generating initial population)
The initial population is generated randomly (binary). The

population formed is a matrix size (50x480) i.e. the population
size (50) multiplied by the total bits of the chromosome
(16x30). The population is represented in a matrix of size
50 * 480 which is the population size (50) multiplied by the
total bits of the chromosome (480).

Step 2 (Calculating the initial fitness population)
Since the variable values are represented in binary, there

must be a way of converting continuous values into binary,
and vice versa. After the binary population is formed in Step
1, a conversion is made to convert the value of bits into a real
number, and this will be used to calculate the fitness value.
Encoding and decoding formula of the nth variable,pn, from
Haupt and Haupt [32] is used in this paper as follows:

For encoding, the following formulas are used to convert
the value of a real number into bits,

pnorm ¼ pn & ploð Þ= phi & ploð Þ ð36Þ

gene m½ % ¼ round pnorm & 2&m &
Xm&1

p¼1

gene p½ %2&p

( )
ð37Þ

and then for decoding, these quantized functions are used
to convert the value of bits into a real number.

pquant ¼
XNgene

m¼1

gene m½ %2&m þ 2& Mþ1ð Þ ð38Þ

qn ¼ pquant phi & ploð Þ þ plo ð39Þ

where
pnorm ¼ normalized variable; 0 6 pnorm 6 1;plo ¼ smallest
variable value ð7500Þ;phi ¼ highest variable value ð10000Þ;-
gene m½ % ¼ binary version of pn;round :f g ¼ round to nearest
integer;pquant ¼ quantized version of pnorm;Ngene ¼ number

bits in a gene; andqn ¼ quantized version of pn. Whenever
the fitness function is evaluated, the chromosome must first
be decoded using (38). The fitness function used here is given
in (21) with constrains (22–26), (27–32), and (33–35). The chro-
mosome that maximizes the fitness function is considered as
the best individual.

Step 3a (Mating)
After decoding and calculating the fitness of the popula-

tion, determine the next population by choosing half of the
population that has the best value (i.e. maximum value).

Step 3b (Crossovers)
Half population i.e. 25 chromosomes with the maximum

value of the objective function is maintained. Then, form the
26 new chromosomes (so that the total chromosomes
become 51). These chromosomes initially come from each
chromosome with the lowest objective function value i.e.
chromosomes with objective function values from 26 to 50,
and the probability values for the 26 sequence chromosomes
are set in decreasing order. The goal is to maintain individ-
uals with high fitness values hoping that the crossover
results from parents with low fitness values will give off-
spring with high fitness values.

The selection of each of the two chromosomes is carried out
to further determine the crossover point between the two chro-
mosomes of this pair. The first are 13 chromosomes (ith chro-

Fig. 3 Flowchart of the genetic algorithm proposed for solving the bi-level optimization.
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mosomes), then the second, 13 chromosomes (jth chromo-
somes) are also selected. Determine the crossover points for
the 13 chromosomes using the formula
rand 1;Mð Þ * totalbits& 1ð Þ.

Step 3c (Mutation)
The mutation process is done by selecting a random muta-

tion point such as selecting the step 3b crossover point. Previ-
ously, determine the number of mutations that will be done by
the formula popsize& 1ð Þ * number bits*mutation rate. The
mutation rate is set at 0.015. Next, generate data to select
the column and row addresses (addresses of random variables
and generations that state bits) that will be mutated.

Step 4
Calculate the fitness of the population as a result of Step 3.

Repeat Step 3 up to the desired maximum value (e.g., 10,000)
or until the generation runs out.

4.2. Two-Partite decision problem

In this, the OEM (or the SA) is considered the only mainte-
nance service provider who sells the service directly to the cus-
tomer. Hence, the OEM (or the SA) is the leader, and the
customer is the follower, and the decision problems need to
be modelled are (1) the OEM and the consumer for Option 1
and (2) the SA and the consumer for Option 5.

Case (1). OEM-Consumer Decision Problem.

Here, the OEM is a monopolist service provider selling the
service (Option 1) directly to the customer. Again, Stackelberg
game is appropriate to be used in modeling the decision prob-
lems of the two parties (i.e., the OEM and the consumer), and
this results in a sequential structure described as follows.

The OEM will first take a decision, and then after observing
the optimal decision of the OEM, the consumer will take a
decision. Using the backward induction method, the optimal
solution for this two-stage Stackelberg game is as follows
(Murthy and Jack [1]).

Stage 2: The Consumer’s decision.
Given the action P1 previously chosen by the OEM, the

consumer will find the best option (take Option 1 or not) that
maximizes its profit. The solution to this problem will give the
maximum value of the following equation.

The consumer’s profit is given by.

PC1 ¼ R& P1;R ¼ rð Þ L& E D tð Þ½ %ð Þ

MaxPC1 ¼ R& P1 ð40Þ

The consumer’s decision to select Option 1 is dependent on
PC1 – i.e., (a) does select if PC1 > 0 and (b) does not select if
PC1 < 0. The consumer is indifferent between decisions (a) and
(b) when PC1 ¼ 0: Hence, the customer will select Option 1
only if PC1 ¼ R &P 1 + 0 or P 1 , R, and will be indifferent
if P 1 = R.

Stage 1: The OEM’s decision.
The OEM’s profit is given by.

qM1 P1ð Þ ¼ P1 & E NPM½ % & E NCM½ %

MaxqM1 P1ð Þ ¼ P1 & E NPM½ % & E NCM½ % ð41Þ

The OEM will sell the maintenance service if its profit,
qM1 P1ð Þ is positive, and hence P1 should be greater than the
total maintenance cost (consisting of PM and CM costs) or
P1 > E[NPM] + E[NCM].

As from the consumer’s decision that P 1 , R, then the fea-
sible values of P1 are given by.

E[NPM] + E[NCM] < P1 , R which fulfills (40) and (41).
The OEM will earn a maximum profit if P1 approaches R.
Note that the consumer’s profit is zero if P 1 = R and hence
the consumer will be indifferent. One can define P1 so that
the total profit of both parties is shared equally, and hence
we have.

P1 & E NPM½ % & E NCM½ % ¼ R& P1

P1 ¼
Rþ E NPM½ % þ E NCM½ %f g

2

This will lead to a win–win solution which is well known as
the solution of Nash game formulation for this decision prob-
lem (Murthy and Jack [1]). In general, solution using the
Stackelberg game formulation will favor a leader (i.e., the
OEM). Thus, the OEM will determine the optimal price such
that its profit is greater than the consumer’s profit.

P1 & E NPM½ % & E NCM½ % > R& P1

P1 >
Rþ E NPM½ % þ E NCM½ %f g

2

As a result, the feasible values are given by
fRþ E NPM½ % þ E NCM½ %g=2 < P1 < R.

Case (2). SA-Consumer Decision Problem.

The decision situation is similar as in Case 1, but in this
case, the SA as a monopolist service provider. Following the
backward induction method used in Case (1), the optimal solu-
tion for this two-stage Stackelberg game for this case is as
follows.

Stage 2: The Consumer’s decision.
Given the value of P9 previously selected by the SA, the

consumer will choose the best option (take Option 5 or not)
that maximizes its profit. The solution to this problem will give
the maximum value of the following equation.

The consumer’s profit:

PC5 ¼ R& P9;R ¼ rð Þ L& E D tð Þ½ %ð Þ

MaxPC5 ¼ R& P9 ð42Þ

The consumer’s decision to select Option 5 is dependent on
PC5 – i.e., (a) does select if PC5 > 0 and (b) does not select if
PC5 < 0. The consumer is indifferent between decisions (a) and
(b) when PC5 ¼ 0: Hence, the customer will select Option 5
only if PC5 ¼ R &P 9 + 0 or P 9 , R, and will be indifferent
if P 9 = R.

Stage 1: The SA’s decision.
The SA’s profit:

qA4 P9ð Þ ¼ P9 & E NPM½ % & E NCM½ %

MaxqA4 P9ð Þ ¼ P9 & E NPM½ % & E NCM½ % ð43Þ
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The SA will decide to sell the maintenance service if its
profit is positive. Hence, the feasible values for P9 are given
by P9 > E[NPM] + E[NCM]. From the consumer’s decision
we have P9 , R, then the feasible values of P9 given by E
[NPM] + E[NCM] < P9 , R which fulfills (42) and (43). The
SA’s profit reaches the maximum value when P9 approaches
R. This in turn make the consumer’s profit is equal to zero
as P9 = R and hence he will be indifferent. Following the sim-
ilar approach as in Case 1, the Nash game solution of P9 is
given by.

P9 & E NPM½ % & E NCM½ % ¼ R& P9

P9 ¼
Rþ E NPM½ % þ E NCM½ %f g

2

and the Stackelberg game solution is given by.

P9 & E NPM½ % & E NCM½ % > R& P9

P9 >
Rþ E NPM½ % þ E NCM½ %f g

2

As a result, the feasible values for P9

are given by fRþ E NPM½ % þ E NCM½ %g=2 < P9 < R.

4.3. Numerical example and discussion

The time to the first failure is assumed to follow the Weibull

distribution with F tð Þ ¼ 1& exp &t=að Þb: Failure rate function
is given byr tð Þ ¼ b tb&1=abð Þ. Two sets of PM effect parameters
(1 and 2) and three sets of PM cost parameters (A, B, and C)
will be used and the values of the parameters are given in
Tables 2 and 3. Hence, six sets of parameters will be consid-
ered. The difference of sets 1 and 2 is in the value representing
the quality of PM action by the SA,w, 1.05 and 1.15 respec-

tively (See Table 2). The other parameters are kept the same
in sets 1 and 2 – i.e.,dO ¼ 0:00166; dA ¼ 0:001494;W
¼ 360; s ¼ 360; l ¼ 1:2; and b ¼ 2:05, r (the revenue generated
from the equipment when it operates) = 45.3 per unit time.
Meanwhile, the difference between sets A, B, and C is in the
percentage of CM cost of SA, which is lower than the CM cost

of OEM. The PM costs formula are CO
0 ¼ 1:50* CO

r

andCO
1 ¼ 0:50* CO

r , where a fixed cost (or an overhead cost)
for SA, in general, is less than a fixed cost for OEM. For Set
1 and 2, the value of w representing the quality of PM action
by the SA arew = 1.05 and 1.15 (or > 1.0) meaning that
the effect of PM done by SA is less effective compared to that
of the OEM as the OEM has more know how in performing
the PM.

First, it needs to show that the GA algorithm developed is
able to produce a convergence solution, and then the optimal
solution obtained using the developed GA. Using parameters
Set 2 and Set B (called Set 2B), the values of the objective func-
tion obtained are plotted and there are shown in Fig. 4. The
findings from Fig. 4 are described as follows.

- It can be seen from Fig. 4 that each plot of the value of
objective function leads to a convergent point (it reaches
a stable value).

- The larger the population size, the faster the model solution
goes to the convergence point. It can be seen that the objec-
tive function value reaches the point of convergence at the
20th, 55 th, 69 th, and 70 th generation for the populations
size of 30, 40, 50, and 60, respectively. Meaning that the lar-
ger of the population size the faster the solution will get a
convergent point.

- The GA algorithm developed is able to produce the conver-
gence solution, and hence it can be used to solve other sets
of parameter values.

Tables 4A-4C show results for MSC Options 2, 3, 4, and 6
obtained from GA using data Set 1. The results using data Set
2 are shown in Tables 5A-5C. The profit value typed in bold
font is the best profit for the OEM, and the option associated
with the best profit is defined as the best option for the con-
sumer -e.g., as shown in Table 4A that the best profit for the
OEM is 8812.89 which is generated by selling Option 4, and
this option is defined as the best MSC option. The results
for the three - partite and the two - partite decision problems
are presented sequentially as follows.

The findings from a three - partite decision problem:

- For Set 1A (the PM quality done by the SA is slightly lower
than the quality PM of the OEM), the best MSC option for
the consumer’s equipment (e.g., dump trucks operated in a
mining company) is Option 4 (i.e., the OEM performs PM
in ð0;W Þ and the SA carries out PM inðW ; LÞ, and CM in
ð0; LÞ). The OEM and the SA will earn profit of 8812.89
and 8720.71 from selling Option 4, respectively. This is
due to the use of Stackelberg game (SG) which gives an
advantage to the OEM (as a leader) for deciding the opti-
mal price prior to the decision of SA. The consumer must
pay 17543.74 for this MSC option over L, which is the
sum of P 4 ¼ 8815:39 and P 8 ¼ 8728:35, and will earn a
profit of 14711.35.

Table 2 Parameter values associated with the PM effect.

In Party Maintenance Parameter Set

1 2

OEM w 1.00 1.00
dO 0.00166 0.00166

SA w 1.05 1.15
dA 0.001494 0.001494

Table 3 Parameter values for fixed and variable costs of a
PM.

Party Cost Parameter Set

A B C

OEM CO
r

1.00 1.00 1.00

CO
0

1.50 1.50 1.50

CO
1

0.50 0.50 0.50

SA CA
r

0.40 0.60 0.80

CA
0

0.60 0.90 1.20

CA
1

0.20 0.30 0.40
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- For Set 1B and 1C, where the PM and CM costs of the SA
increase (but the costs are still lower than the costs charged
by the OEM), the best option is still Option 4. In other
words, the increase in the maintenance costs of the SA will
not influence the best decision as long as the costs are still
low and the quality of PM and CM remains comparable
to that of the OEM. All prices and profits of the SA are rel-
atively stable (as the relative different is less than 1%) with

the increase in the SA’s maintenance costs. As under the
three stage SG, in the upper-level problem, OEM takes a
decision before the SA does, and in the lower-level problem,
the SA decides the price before the consumer chooses the
best decision, then the OEM can enforce his decision on
the other parties in determining the optimal price maximiz-
ing his profit although the cost structure of the SA is getting
larger. Hence, the OEM’s profit is maintained at least 8812

Fig. 4 Convergence graph for option 1 OEM (100 generations).

Table 4A GA results (contract prices and profits) for Set 1A.

MSC Options Party Involved Contract Price Profit Consumer’s Profit

2 OEM P2 = 8737.29 8730.88 14650.42
SA P6 = 8867.39 8863.65

3 OEM P3 = 8768.28 8762.88 14851.77
SA P7 = 8635.04 8630.31

4 OEM P4 = 8815.39 8812.89 14711.35
SA P8 = 8728.35 8720.71

6 OEM P5 = 8764.41 8751.22 14054.46
SA P10 = 8723.25 8720.62

Table 4B GA results (contract prices and profits) for Set 1B.

MSC Options Party Involved Contract Price Profit Consumer’s Profit

2 OEM P2 = 8588.02 8581.63 14840.93
SA P6 = 8724.56 8718.96

3 OEM P3 = 8711.33 8705.94 14687.74
SA P7 = 8754.44 8747.34

4 OEM P4 = 8814.60 8812.11 14668.41
SA P8 = 8670.50 8660.49

6 OEM P5 = 8693.93 8680.74 13969.54
SA P10 = 8878.65 8874.71
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for sets 1A-1C, and this in turn increase the total contract
price in one side, and decrease the profit of the consumer,
in the other side as the values of SA’s PM and CM costs
for Set 1C are double from the corresponding values for
Set 1A (See Table 6A).

- For Set 2 where the PM quality of the SA is much lower, the
best decision is Option 4 for Set 2A (when maintenance
costs are lower), and then change to Option 3 (for sets 2B
and 2C) in which the OEM provides CM as well as PM

inð0;W Þ. In other words, both the OEM and the SA provide
a package of PM and CM - i.e., the OEM performs a pack-
age of PM and CM in ð0;W Þ whilst the SA inðW ; LÞ. This is
due to the PM quality by SA w ¼ 1:15ð Þ is lower than the
PM quality of the OEM w ¼ 1:00ð Þ but the PM and CM
costs charged are slightly lower than the maintenance costs
of the OEM. This in turn will make the option in which the
OEM performs both PM and CM in ð0;W Þ is the best
choice (See Table 6B).

Table 4C GA results (contract prices and profits) for Set 1C.

MSC Options Party Involved Contract Price Profit Consumer’s Profit

2 OEM P2 = 8733.83 8727.43 14681.40
SA P6 = 8636.70 8629.23

3 OEM P3 = 8674.29 8668.89 14594.46
SA P7 = 8783.19 8773.72

4 OEM P4 = 8870.13 8867.64 14440.53
SA P8 = 8741.26 8728.89

6 OEM P5 = 8763.50 8750.32 14098.02
SA P10 = 8680.59 8675.34

Table 5A GA results (contract prices and profits) for Set 2A.

MSC Options Party Involved Contract Price Profit Consumer’s Profit

2 OEM P2 = 8760.57 8754.17 14690.31
SA P6 = 8784.03 8779.92

3 OEM P3 = 8704.27 8698.86 14717.00
SA P7 = 8813.65 8808.54

4 OEM P4 = 8789.93 8787.43 14692.65
SA P8 = 8752.33 8744.32

6 OEM P5 = 8735.28 8719.29 13983.13
SA P10 = 8823.70 8820.96

Table 5B GA results (contract prices and profits) for Set 2B.

MSC Options Party Involved Contract Price Profit Consumer’s Profit

2 OEM P2 = 8757.30 8750.90 14682.68
SA P6 = 8683.26 8677.10

3 OEM P3 = 8800.83 8795.43 14436.50
SA P7 = 8885.92 8878.26

4 OEM P4 = 8708.24 8705.74 14688.53
SA P8 = 8726.48 8715.91

6 OEM P5 = 8669.58 8653.59 14083.86
SA P10 = 8788.68 8784.56

Table 5C GA results (contract prices and profits) for Set 2C.

MSC Options Party Involved Contract Price Profit Consumer’s Profit

2 OEM P2 = 8668.56 8662.16 14610.69
SA P6 = 8732.34 8724.12

3 OEM P3 = 8774.26 8768.86 14483.92
SA P7 = 8753.40 8743.19

4 OEM P4 = 8698.57 8696.07 14587.28
SA P8 = 8725.73 8712.61

6 OEM P5 = 8780.63 8764.64 14100.64
SA P10 = 8660.85 8655.36
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- This finding shows that if the SA has a high quality of main-
tenance, then the SA will get more portion in providing the
maintenance service as long as the maintenance costs is kept
lower compared to the costs of the OEM.

- If the SA’s maintenance quality decreases (but it still a good
quality) and the maintenance costs are kept low, then the
portion of the MSC remains the same. But if the quality
of maintenance decreases and the maintenance costs get lar-
ger (i.e., 60 to 80% of the costs of the OEM), then the por-
tion of the MSC will get smaller. This is due to the
moderate quality of maintenance services charged by the
SA is relatively high.

- As in the results for sets 1A-1C, the prices of MSC options
offered by SA and the associated profits for sets 2A-2C are
relatively stable (as the changes (measured in a relative dif-
ference) are very small i.e., less than 1%) with the increase
in the SA’s maintenance costs.

The findings from a two-partite decision problem:

- For Options 1, the feasible values of P1 fall within 16001.90
< P 1 < 31988.80 for all sets of data used as the maintenance
cost structure of the OEM is not influenced by the change in
parameter values under different sets considered. The OEM
will decide P1 so that to obtain the maximum profit, and
hence

- P1 = 31988.80 which is very high and will not be a compet-
itive price when there is a service agent (who is able to pro-
vide a good quality of the maintenance services for the
equipment with a lower price) in the market. Note that
the highest price of best MSC option (which combines an
option of the OEM and an option of the SA) is 17611.39
for sets 1A-1C and 17686.75 for sets 2A-2C, which is very
much lower than the price of Option 1.

- For Options 5, the feasible values of P 9 fall within 15891.80
< P 9 < 31777.20 for all sets of data considered. The lower
bound and upper bound is slightly lower than those of
Option 1 as the revenue received by the consumer is affected
by the maintenance cost structure and the PM and CM

quality of the SA. Under a monopolistic market, the SA
may select P 9 ¼ 31777.20 as the SA will get the maximum
profit. But, again, this price will not be competitive under
a more competitive market as the highest price of the best
MSC option is around 17,600 for sets 1A-1C and for sets
2A-2C. The lower price of the best MSC option in the
three-partite decision problem is a result of the combination
of two best practices – i.e., the best maintenance quality of
the OEM and the competitive cost structure of the SA.

5. Conclusion

In this research, six maintenance service contract options (in-
volving the OEM, the SA, and the consumer) for repairable
products have been studied. The study of these MSCs is done
from three different perspectives — the OEM, the SA, and the
customer, and the goal for this study is to determine the opti-
mal price of each option (for the OEM and/or the SA) and to
select best option (for the consumer), which maximize profits
for the three parties involved. Findings obtained from the
numerical results are as follows.

- For the case where the SA has a good quality of mainte-
nance, then the best MSC option for the consumer’s equip-
ment is Option 4 where the SA will get more portion in
providing the maintenance service over L provided that
the maintenance costs are kept lower compared to the costs
of the OEM.

- If the SA’s maintenance quality decreases and the mainte-
nance costs are still low, then the portion of the MSC
remains the same. But if the quality of maintenance is mod-
erate and the maintenance costs are relatively high, then the
portion of the MSC will get smaller.

- The price of a MSC option is favor the OEM or the SA
when the market is monopolistic - i.e., when the OEM or
the SA is the only maintenance service provider in the
market.

Table 6A Best option for Set 1.

Data Best Options Party Involved Contract Price Total Contract Price Profit Consumer’s Profit

Set 1A Option 4 OEM P4 = 8815.39 17543.74 8812.89 14711.35
SA P8 = 8728.35 8720.71

Set 1B Option 4 OEM P4 = 8814.60 17485.10 8812.11 14668.41
SA P8 = 8670.50 8660.49

Set 1C Option 4 OEM P4 = 8870.13 17611.39 8867.64 14440.53
SA P8 = 8741.26 8728.89

Table 6B Best option for Set 2.

Set Data Best Options Party Involved Contract Price Total Contract Price Profit Consumer’s Profit

Set 2A Option 4 OEM P4 = 8789.93 17542.26 8787.43 14692.65
SA P8 = 8752.33 8744.32

Set 2B Option 3 OEM P3 = 8800.83 17686.75 8795.43 14436.50
SA P7 = 8885.92 8878.26

Set 2C Option 3 OEM P3 = 8774.26 17527.66 8768.86 14483.92
SA P7 = 8753.40 8743.19
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- When more alternatives of MSC options (involving the
OEM and the SA) are available for the consumer to be cho-
sen or the market is more competitive, then the price of the
maintenance services tends to be lower, and this is favoring
the consumer.

In this paper, the warranty policy considered is a one-
dimensional warranty, then one can extend to a two-
dimensional case (i.e., both warranty and MSC are character-
ized by two parameters – i.e., age and usage). Other interesting
topics are (i) to examine a warranty and MSC for a fleet of
equipment and (ii) to use a particle swarm optimization
(PSO) to solve the bi-level decision models for the MSC
options proposed as the PSO is claimed as the efficient algo-
rithm for bilevel optimization problems (Kuo and Huang
[45], Jiang et al. [46]) since GA can produce better global solu-
tions but it is not an efficient method (Hejazi et al. [38]) (e.g.,
time required to run one set of data for this study is 23 h). The
research of these topics is on the way.
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